We show that string duality relates M-theory on a local Calabi-Yau fourfold singularity X 4 to type IIA string theory on a Calabi-Yau threefold X 3 fibered over a real line, with RR 2-form fluxes turned on. The RR flux encodes how the M-theory circle is fibered over the IIA geometry. The theories on N D2 branes probing X 3 are the well-known quiver theories with N = 2 supersymmetry in three dimensions. We show that turning on fluxes, and fibering the X 3 over a direction transverse to the branes, corresponds to turning on N = 2 Chern-Simons couplings. String duality implies that, in the strong coupling limit, the N D2 branes on X 3 in this background become N M2 branes on X 4 . This provides a string theory derivation for the recently conjectured description of the M2 brane theories on Calabi-Yau fourfolds in terms of N = 2 quiver Chern-Simons theories. We also provide a new N = 2 Chern-Simons theory dual to AdS 4 × Q 1,1,1 . Type IIA/M-theory duality also relates IIA string theory on X 3 with only the RR fluxes turned on, to M-theory on a G 2 holonomy manifold. We show that this implies that the N M2 branes probing the G 2 manifold are described by the quiver Chern-Simons theory originating from the D2 branes probing X 3 , except that now Chern-Simons terms preserve only N = 1 supersymmetry in three dimensions.
Introduction
Duality provides powerful tools to understand string theory. AdS/CFT correspondence defines quantum gravity in AdS backgrounds in terms of the dual conformal field theory. At the same time, gravity on AdS space describes the conformal theory at large N .
Similarly IIA/M-theory duality provides a way to understand the strong coupling limit of type IIA string theory in terms of 11 dimensional supergravity. Conversely, in compactifications of M-theory on a circle, IIA string theory defines the still mysterious quantum theory that underlies M-theory.
One of the mysteries of M-theory is how to describe the theory on N coincident M2 branes. At low energies, this should be the conformal field theory dual to M-theory on AdS 4 × M 7 where M 7 is seven dimensional Einstein manifold [1] . The theories on N M2 branes in M-theory are dual to the theory on N D2 branes in IIA. The latter theory is a gauge theory, with the dimensionfull coupling constant proportional to g s . In the strong coupling limit, the D2 brane theory should describe M2 branes. However, the resulting theory is apparently always strongly coupled, so the description does not seem useful A way around this was proposed in [2] . The idea is that, at low energies, the theory on the M2 branes may be a Chern-Simons theory, with matter. The Chern-Simons level provides a dimensionless coupling constant needed to define the gauge theory. Moreover, Chern-Simons interaction is scale invariant, being independent of the metric, so the theory could also be conformal. Recently, [3] constructed a Chern-Simons theory corresponding to N M2 branes on Calabi-Yau fourfold X 4 = C 4 /Z k , where k gets identified with the level.
This theory is conformal, and dual, at large N to M-theory on AdS 4 × S 7 /Z k . Moreover, for k = 1 it should correspond to M2 branes on flat space, with maximal supersymmetry in three dimensions. Various authors [4, 5, 6, 7, 8] proposed generalizations of this construction to Chern-Simons theories describing M2 branes on local Calabi-Yau fourfolds. A check of these proposals is that for a single M2 brane, the moduli space is indeed the Calabi-Yau fourfold X 4 . However, in general, there is more than one such Chern-Simons theory that one can write down which would still give the same moduli space [9, 10, 11] . It is possible that there are dualities relating some of these theories, but we cannot a-priori exclude that they flow to different theories at long distance.
The aim of this paper is to provide a stringy derivation of the Chern-Simons theory on N M2 branes probing a local Calabi-Yau fourfold X 4 1 . To begin with, we show that, Mtheory on a local toric Calabi-Yau fourfold X 4 is dual to IIA string theory on a Calabi-Yau threefold X 3 fibered over R. The Kahler moduli of X 3 vary over R and moreover, there are RR 2-form fluxes on X 3 × R. This is a consequence of a purely geometrical observation:
The toric Calabi-Yau fourfold X 4 is a is a circle fibration over X 3 × R. Moreover, the viewing the coordinate on the S 1 as a section of a U (1) bundle on X 3 × R the curvature of the corresponding connection is easy to compute. When we compactify M-theory on X 4 , the IIA/M theory duality relates it to IIA on X 3 × R, where the curvature of the U (1) bundle gets identified with the RR 2-form flux in IIA.
The theory on N D2 branes in IIA probing the local Calabi-Yau threefold X 3 is well known, in the limit where X 3 develops a singularity. These are N = 2 quiver gauge theories in three dimensions, with superpotential. More precisely, the theories on Dp branes probing X 3 were studied extensively for D3 branes and D0 branes 2 . However, given X 3 , the theories on N D-branes probing it are the same, at least classically, in any dimension -differing only by compactifications on tori, and dimensional reduction. This is because the theory on the branes is determined by internal CFT on a disk -and the answers can be formulated in terms of the geometry of X 3 and fractional branes wrapping it.
Next, we consider deforming the theory by turning on RR fluxes and fibering X 3 over R, so that the type IIA string theory becomes dual to M-theory on a local CalabiYau fourfold singularity X 4 . On the one hand, the deformation has to preserve N = 2 supersymmetry on the D2 brane world volume, since the theory lifts to M2 branes on the Calabi-Yau fourfold. On the other hand, turning on RR fluxes on X 3 corresponds to turning on Chern-Simons couplings in the gauge theory. Namely, at the Calabi-Yau singularity, the D2 branes split into fractional branes, wrapped on the vanishing cycles.
The Wess-Zumino terms on the brane world-volume, in the presence of RR flux, induce
Chern-Simons couplings in three dimensions. By supersymmetry then, these become the N = 2 preserving Chern-Simons terms. This is exactly what is needed to describe D2 branes on X 3 fibered over R. Namely, N = 2 Chern-Simons terms imply that FayetIliopoulos terms vary as a function of the real scalar field in the N = 2 vector multiplet.
The later parameterizes the direction in R 3,1 transverse to the D2 branes. Since FayetIliopoulos terms in the gauge theory correspond to Kahler moduli in the Calabi-Yau, this is exactly what is needed to describe N D2 branes on X 3 fibered over R.
Consequently, string duality implies that N = 2 quiver theory on N D2 branes probing X 3 , with N = 2 Chern-Simons terms turned on lifts to the theory on N M2 branes probing X 4 . At strong coupling, the gauge kinetic terms vanish, and the theory becomes a ChernSimons quiver theory. These are precisely the theories proposed in [3, 6, 4, 5, 7, 8] to describe N M2 branes on various local Calabi-Yau fourfold singularities. The relation to the theories on the D3 branes probing X 3 was noticed there, but its physical meaning was missed. As mentioned above, one test of the proposals in the literature is that the moduli space of a single M2 brane should be X 4 . What we are proposing here is stronger, since the theories on D2 branes probing X 3 × R, with fluxes, can be derived from string theory, as we explained.
This should be contrasted with the theories "without 4d parents" in [11, 9, 10] 3 .
It is natural to expect that the quiver Chern-Simons theory of X 4 we wrote down is a conformal field theory in three dimensions. This has already been shown in cases studied in [3, 6] . It should hold more generally, since on general grounds, local Calabi-Yau fourfold singularities X 4 's should be cones over Einstein-Sasaki 7-manifolds Y 7 [21] . We have shown that the quiver Chern-Simons theory describes N M2 branes at the tip of this cone. In the near horizon limit, the branes deform the geometry to AdS 4 × Y 7 , so at least in the large N limit, the conformal symmetry of the theory is manifest 4 .
Finally, similar ideas can be used to find the theories on N M2 branes probing local G 2 holonomy manifolds 5 . Namely IIA/M-theory duality relates IIA on a Calabi-Yau threefold 3 Some of these theories do pass some stringent tests. See for example [20] , [10] . 4 The cases where the explicit cone metrics are known are limited. See for example [22] and references therein. 5 The Chern-Simons theories on 1 M2 brane probing a local G 2 holonomy manifold were first discovered in [23] .
X 3 with RR fluxes turned on, to M-theory on a G 2 holonomy manifold. Turning on fluxes in this case corresponds to deforming the N = 2 quiver gauge theories on N D2 branes probing X 3 by N = 1 Chern-Simons terms. At low energies, these theories become the theories on N M2 branes on the corresponding G 2 holonomy manifolds. Since the gauge kinetic terms vanish in this limit, the theories describing the M2 branes are N = 1 quiver Chern-Simons theories. We do not expect these theories to be conformal, as G 2 × R is not a cone, and no corresponding Einstein 7-manifolds are known [21] .
The paper is organized as follows. In section 2 we show that a toric Calabi-Yau fourfold can be thought of as a circle fibration over X 3 × R. We show how to find the first Chern class of the fibration. This implies that M-theory compactified on X 4 is dual to IIA on X 3 × R with fluxes turned on. In section 3 we derive from string theory the theories on N D2 branes probing X 3 , in these backgrounds. For one brane, we show that the moduli space becomes X 4 , similarly to [5, 7, 24] . Moreover, X 4 is fibered over X 3 × R in a manner consistent with the Chern-Simons terms turned on. Namely, in IIA/M-theory duality the center of mass U (1) gauge field on the D2 brane is dual, via scalar vector duality in three dimensions, to the compact scalar field parameterizing the M2 brane position on the Mtheory circle. We will show that in the presence of Chern-Simons terms, this scalar picks up a charge. This has the interpretation of having the M-theory circle be fibered nontrivially over X 3 . Moreover, we will show that the Chern class of this fibration, is precisely such to correspond to RR 2-form fluxes that generated the Chern-Simons terms on the D2 brane in the first place. In sections 4-8 we give some examples. The examples of sections 4-7 have already appeared in literature. We are providing a string theory derivation of the corresponding Chern-Simons quiver theories and an interpretation, in the context of IIA/M-theory duality. The example in section 8 is new, providing a new quiver ChernSimons theory that should be dual, based on IIA/M-theory duality to N M2 branes on a cone over Q 1,1,1 . 6 Finally, in section 9 we use IIA/M-theory duality to derive the N = 1 quiver Chern-Simons theories on M2 branes probing local G 2 holonomy manifolds.
Calabi-Yau Fourfolds and M-theory/IIA duality
In this section from purely geometric considerations, we will derive a duality between M-theory compactification on a Calabi-Yau fourfold X 4 and type IIA on a Calabi-Yau 6 This theory was discussed recently in [25] , but this connection was not made.
threefold X 3 fibered over a real line R, with fluxes turned on. Namely, we will show here that a Calabi-Yau fourfold X 4 can be described as a circle fibration over a base. The base is a Calabi-Yau 3-fold X 3 fibred over a real line R. The first Chern Class of the circle fibration is typically non-vanishing. This implies that when we compactify M-theory on X 4 , there will be RR 2-form fluxes turned on, on X 3 × R. Later on, we will argue that the string duality then implies that M2 brane probes of X 4 are dual to D2 brane probes of the IIA geometry, in the strong coupling limit of the later.
Geometric considerations
A convenient way to describe the Calabi-Yau geometry [26] is as a moduli space of a linear sigma model. To describe a d dimensional Calabi-Yau manifold X d we start with a copy of C N+d , for some N , parameterized by complex coordinates
The Calabi-Yau manifold is than obtained by setting 2) and dividing by the gauge group
The parameters r a correspond to Kahler moduli of the Calabi-Yau manifold. Mathematically, the above construction is called a symplectic quotient. As explained in [26] , symplectic quotient construction construction can be realized physically as a Higgs branch of a (2, 2) supersymmetric linear sigma model in two dimensions, with φ i corresponding to the bottom components of chiral fields Φ i , and with gauge group U (1) N . Closer to our purposes, it can also be interpreted in terms of a theory in one dimension higher,
i.e. in terms of a Higgs branch of an abelian gauge theory in three dimensions, with four supercharges.
We will now show that we can view the d dimensional Calabi-Yau threefold X d as an To avoid changing the manifold, we introduce an additional constraint
(note that r 0 is variable now) and an additional gauge symmetry
Namely, using (2.4) we can solve for r 0 and gauge away θ 0 using (2.5). So, as expected, we have just written the original Calabi-Yau X d in a different way 7 .
However, this gives us a way to think about X d as a circle fibration. Namely, the S 1 fiber of the Calabi-Yau is θ 0 . To find the base, we consider a projection that "forgets" θ 0 .
At fixed r 0 , the base is
and dividing by N +1 U (1) gauge transformations (2.3) and (2.5). Allowing r 0 to vary, the lower dimensional Calabi-Yau manifold X d−1 is a fibration over the real line parameterized by r 0 , where as we vary r 0 , the Kahler moduli of X d−1 vary according to (2.6). 7 We could also consider replacing r 0 by kr 0 while giving θ 0 charge k in (2.5), corresponding to sending θ 0 to θ 0 + kλ instead. In this case we do change the manifold, from X d to a Z k quotient
We can easily find the first Chern class of the fibration. To begin with, note that dθ 0
is not gauge invariant because dθ 0 transforms under (2.5). The gauge invariant combination
Then A RR = j q j dφ j /φ j is the connection on the circle bundle over X 3 × R whose curvature is
where ω j = δ 2 (φ j )dφ j ∧ dφ j is a two-form with δ-function support on the divisor D j corresponding to setting φ j = 0. We can write There is a correspondence between generators of H 2 (X d−1 ) and the U (1) gauge groups in the linear sigma model. For a curve C, let
denote the corresponding D-term. In particular, r C is the Kahler class of the curve. It is a standard result in toric geometry (see for example [27] for a recent review) that
and using this, we can evaluate
By the usual IIA/M-theory duality, it follows that M theory, compactified on circle fibered X d , is dual to IIA on the base of the circle fibration. Moreover the curvature of the circle fibarion, F RR above, becomes the RR 2-form flux on X d−1 × R. In the present context, we are interested in this duality where d = 4, and we are relating M-theory on Calabi-Yau fourfold X 4 to type IIA on Calabi-Yau threefold X 3 , with flux, fibered over R,
Before we go on, we must note a few subtleties. Firstly, as explained in [26] , the linear sigma model describes not just the manifold, but also its moduli space. However, as explained in [28] , the non-geometric phases are absent in M-theory. So, the linear sigma models that describe not only the Calabi-Yau fourfolds for M-theory compactifications, but also the moduli space of M-theory are rather special -or at least, they are not the same ones as conventionally discussed in IIA. Secondly, when describing fibrations with X 3 used as a base, we would like X 3 as well to be in a geometric phase for all values of r 0 . Otherwise, the interpretation of our construction is less obvious. This constrains the types of charges Q 0 we can consider. Thirdly, we have not excluded the possibility that, not only RR fluxes, but also their sources would be turned on on X d−1 . In other words, sometimes, the IIA dual would involve D6 branes 8 . There is a-priori nothing wrong with this, but for our purposes, we are interested in those cases without the explicit D6 branes.
It would be nice to have a direct, geometric, classification of linear sigma models and their circle reductions, that satisfy all of these constraints.
Instead of tackling this problem head on, we will use string theory as a guide. In the next sections, we will construct the linear sigma models for X 3 as low energy effective field theories on the D2 brane probes in IIA string theory. We will explain how turning on fluxes and fibering X 3 over R modifies the linear sigma model. Moreover, we will show that the resulting manifolds can be viewed as a Calabi-Yau fourfold X 4 fibered over X 3 × R. It is well known that D-branes probe only geometric phases of the Calabi-Yau manifolds [29] .
This will automatically solve the problems one and two above. Moreover, since we only consider those deformations that correspond to turning on RR fluxes through cycles on X 3 , there are no D6 branes present by construction.
8 A simple example of this is the simplest case of our construction. Namely, take d = 2 and consider C 2 , with coordinates x 1 , x 2 as a fibration over C × R where we introduce a D-term
. It is easy to see that F RR = δ(x 1 )dx 1 ∧ dx 1 has flux through the two sphere surrounding the origin of C × R. In other words, there is a D6 brane sitting at the origin. This is as expected, since the quotient by θ 0 corresponds precisely to viewing C 2 as Taub-Nut.
String Duality and D-branes on Local Calabi-Yau
Consider the theory on N D2 branes probing a local toric Calabi-Yau X 3 , near the place where X 3 develops a singularity. Before turning on fluxes or fibering, this turns out to be a well known quiver theory gauge in three dimensions, preserving N = 2 supersymmetry.
As explained in the introduction, the theory is the same as the theory on D3 branes probing X 3 , dimensionally reduced to three dimensions. The latter was studied in numerous places, for example [12, 13, 14, 15] . After reviewing this, we consider turning on RR fluxes through the vanishing cycles of X 3 . We will show that these generate Chern-Simons terms for the 3d gauge theory. To preserve N = 2 supersymmetry on the branes, than turning on fluxes has to be accompanied with fibering the Calabi-Yau threefold X 3 over the one spatial direction transverse to the branes. This corresponds to turning on N = 2 Chern-Simons terms on the D2-branes. These are precisely the three-fold fibrations that we showed are dual to M-theory on Calabi-Yau fourfolds X 4 ! In particular, IIA/M-theory duality implies that, at strong coupling the D2 brane gauge theory goes over to theory on N M2 branes probing X 4 . Moreover, at strong coupling the kinetic terms on the gauge fields vanish, so the natural description of this is a quiver Chern-Simons theory with N = 2 supersymmetry.
As a further test, the IIA/M-theory duality implies that the center of mass U (1) gauge field on one D2 brane probing X 3 is dual to a compact scalar describing the position of the M2 brane on the M-theory circle. For N = 1, we can explicitly dualize the center of mass U (1) field on the D2 brane probe of our geometry, and show that the result is a linear sigma model on X 4 , as expected. Moreover, we can show that the circle is fibered over X 3 in a manner consistent with the RR fluxes turned on, thus closing the loop of correspondences.
D2 brane gauge theory on X 3
Before turning on fluxes, or fibering, the local Calabi-Yau manifold X 3 preserves 8
supercharges. The N D2 branes probing this break half of the supersymmetries, preserving four supercharges, or N = 2 supersymmetry in three dimensions. The theory on the brane probe is a N = 2 quiver gauge theory with superpotential. The data of the theory can be decoded from the internal geometry. In particular this means that, at the classical level, the quiver for N D2 brane probes is the same as the quiver for N D0 branes or N D3 branes probing the same geometry -it is only the dimension of the D-branes that changes.
The fact that the kinematics of the theories is the same, is a consequence of T-duality in the non-compact dimensions. This fact was also used recently in [30] , in a different context.
When X 3 is smooth, the theory on N D2 brane probes, at low enough energies, becomes the same as the theory on N D2 branes probing flat space -so it is the maximally supersymmetric U (N ) gauge theory in three dimensions. At a singularity, however, the D2 branes split into a collection of fractional branes, carrying charges of D6, D4 and D2 branes wrapping wrapping 4, 2 and 0 dimensional cycles shrinking at the singularity (see for example, [31] [18] [12] ) . For each such fractional brane on a vanishing cycle ∆ α , we get a node of the quiver. If the D2 brane splits into a collection of n cycles
we get a
quiver theory on the branes at the singularity. Moreover, there are n αβ arrows from the node α to node β corresponding to bifundamental fields Φ Each vanishing cycle carries definite D-brane charge. We can describe the charge of branes wrapping ∆ α in terms of its homology cycles in H even (X 3 ) as
where Q 6 denotes the D6 brane charge and D the 4-cycle class the D6 branes wrap, Q 4 the D4 brane charge, and C a 2-cycle class, and Q 2 the D2 brane charge. The charges are such that α d α ∆ α in (3.1) has the charge of one D2 brane, and nothing else. Note that some of the brane charges appearing must be negative, since d α are all non-negative.
At the singularity the appropriately chosen combinations of D-branes and anti D-branes can be mutually supersymmetric. This is precisely what allows the D2 brane to split into fractional branes in the first place.
D2 branes in IIA on X 3 with flux
Consider turning on RR 2-form on X 3 . We can write
where q I are integers and ω (2) I are two-forms with δ-function support on divisors D I in X 3 (F RR is given as a form here, not a class on X 3 , so the divisors D I need not all be compact). We would like to know what effect this has in the D2 brane gauge theory at the singularity.
Consider N D4 branes wrapping a vanishing 2-cycle C in X 3 . The RR field enters the theory on the branes via a Wess-Zumino coupling
Note that, even though C is a shrinking cycle, we are allowed to use the geometric description above, since the coupling is topological, and the metric does not enter. This coupling gives rise to the Chern-Simons term on the D-brane world volume. Integrating by parts, we can rewrite this as
Tr ω CS
A ∧ A ∧ A is the Chern-Simons form, and
To compute k, we use the description of F RR in terms of forms with δ function support in (3.2) to express k in terms of intersection numbers of C with divisors D i ,
This fractional brane wrapped on C could also carry D2 brane charges. Since these would have entered as a first Chern class of the gauge field on the D4 brane, they cannot affect the Chern-Simons coupling above.
Similarly, if we had a D6 brane wrapping a 4-cycle D the Chern-Simons coupling would be given by
This reduces to (3.3) , where the role of C is now played by the two-cycle class dual to
TrF inside the divisor D. This is where the D4 brane charge is induced. Note that in the wrapped D6 brane case, the fluxes of RR four-form G RR can contribute to the level as well, by
We can similarly represent G RR by a 4-form
in terms of 4-forms ω
A with δ-function support on curves C A , and then
In summary, turning on RR fluxes corresponds to turning on Chern-Simons terms. It is easy to see from the above formulas, that the generic combination of 2-and 4-form fluxes corresponds to choosing generic Chern-Simons couplings k α for the nodes of the quiver, subject to
This is a consequence of the fact that the net D6 brane and D4 brane charges of the quiver sum up to zero, by construction. Now, if we were to turn on just fluxes in the Calabi-Yau, the fluxes would break the supersymmetry on the brane to N = 1. We will return to this case in the last section of the paper. Suppose however that we want to preserve N = 2 supersymmetry. This is the same amount of supersymmetry preserved by an M2 brane on a Calabi-Yau fourfold. In this case, the Chern-Simons coupling induced by the flux has to be accompanied with the additional terms, corresponding to
where V is the vector multiplet, and Σ is the related linear multiplet 9 . The bosonic components of the above are where σ is the real scalar field in the vector multiplet, and D is the D-term 10 .
We see from the above that, if we want to preserve N = 2 supersymmetry, in the presence of RR fluxes, (some combination of) Kahler moduli of the Calabi-Yau X 3 are no longer parameters in the theory -but they become variable. More precisely, the vanishing of the potential in 2 + 1 dimensions requires [4, 5] 
To see what this means, consider for simplicity, the case of a single D2 brane, N = 1 on X 3 . Then, on the Higgs branch, the above is solved by
for some variable r 0 . In particular, this means that the Fayet-Iliopoulos term for the gauge group on node ∆ α is given by
Since σ's parameterize the positions of the branes along the one R direction in R 3,1 transverse to the D2 branes, this means two things: first we should identify r 0 with coordinate on R,
Second, it means that X 3 is fibered over R in a manner that correlates with the RR fluxes turned on. For N D2 branes we just get the symmetric product version of this, with σ α = σ β describing N branes at different positions on R.
Now, we showed that the IIA compactification on a local Calabi-Yau threefold X 3 where we turn on RR 2-form fluxes and fiber the manifold over R by allowing the Kahler moduli to vary is dual to M-theory on Calabi-Yau fourfold X 4 . This implies that the gauge theory describing D2 branes on X 3 in this background, flows, in the IR to theory on M2 branes probing X 4 . It is natural to conjecture -based on string/M-theory dualitythat the theory on N M2 branes probing X 4 is the quiver Chern-Simons theory obtained from the above by setting the gauge kinetic terms to zero, since these vanish in the IR on dimensional grounds 11 .
10 The vector multiplet has the expansion V = −2iθθσ + 2θγ µθ + θ 2θ2 D. 11 Note that we can also relax the condition (3.4) . This corresponds to turning on RR zero form flux, which couples to the D2 brane charge. This agrees with the proposal recently in [32, 33] , for Chern-Simons theories dual to massive IIA backgrounds.
One D2/M2 brane
As additional evidence for the proposed duality, consider again the case of a single D2 brane in IIA. It is well known that the U (1) gauge field A 0 on the D2 brane probe is dual, via the scalar-vector duality in three dimensions to the compact scalar θ 0 related to
This scalar describes the position of the M2 brane on the M-theory circle. Based on the IIA on X 3 /M theory on X 4 duality, we expect that when we turn on N = 2 Chern-Simons terms on the branes, θ 0 should be fibered over the base X 3 × R in such a way so as to give a Calabi-Yau fourfold X 4 . Moreover, the circle fibration should have the right first Chern class on X 3 to correspond to RR 2-form flux we had started with. We will see in detail that this is indeed the case in the examples we study in the next section. For now, we will just sketch how this comes about.
For most singularities, and all the singularities we will study in this paper,
for all α 12 . In this case the theory is abelian, with gauge group
n for a quiver with n nodes.
The moduli space is the space of solutions to minima of F and D-term potentials, modulo the gauge transformations. Before turning on fluxes, the moduli space of this theory, the Higgs branch, is the Calabi-Yau manifold X 3 × R. As above, the R direction is parameterized by one massless combination of σ's. On the Higgs branch, all components of the gauge fields with charged matter become massive. However, there is one decoupled U (1) gauge field, under which nothing is charged. This corresponds to the diagonal combination
This component becomes the U (1) gauge field on the D2-brane at a generic point in X 3 .
Dualizing A 0 to the compact scalar θ 0 via (3.7), the moduli space of the M2 brane is a direct product S 1 × X 3 × R. Moreover, the Fayet-Iliopoulos terms in the gauge theory are identified with the Kahler moduli of X 3 , and they are independent of where in R we are. Now consider turning on 2-and 4-form fluxes. This generates Chern-Simons terms
where α k α = 0, as we explained. The effect of this on the moduli space is twofold.
On the one hand, turning on fluxes modifies the Fayet-Iliopoulos terms in the vacuum corresponding to fibering the X 3 over R as in (3.6). The effect on the gauge transformations is as follows. Put, A α = A 0 +Â α , where αÂ α = 0. Then A 0 enters the Chern-Simons terms via the coupling
Dualizing A 0 to the compact scalar θ 0 , replaces dA 0 by dθ 0 . Presence of (3.8) means that θ 0 picks up a logarithmic charge k α under the gauge group on node α. In particular, while dθ 0 is no longer well defined, the combination
We can view this in two different ways. Firstly, this implies that the moduli space is Calabi-Yau fourfold X 4 . It is obtained by not dividing by the U (1) gauge transformations generated by α k αÂα ; these we can use to set θ 0 to zero 14 . This is related by supersymmetry to the one linear combination of D-terms we need not impose: we can use them to solve for r 0 , the superpartner of A 0 and θ 0 .
Second, this allows us to view the Calabi-Yau fourfold X 4 as a circle fibration over X 3 ×R, with θ 0 parameterizing the fiber. We will now argue that we can think of α k α F α as the RR flux itself, or more precisely that 9) 13 Note that the other Chern Simons terms vanish on the Higgs branch, since all the components of the gauge fields under which matter is charged are massive.
14 When the greatest common denominator of the k α 's is not 1, this leaves a discrete subgroup of the gauge symmetry unbroken, this leaves over a discrete subgroup of the gauge symmetry unbroken. The moduli space is then an orbifold by this symmetry.
where D α is the divisor class in X 3 corresponding to the U (1) on the node α 15 . To see this [23] recall first of all that on the D2 brane there is a Wess-Zumino coupling
In the presence of the above flux, the action of a D2 brane wrapped on a curve C would
This is exactly what (3.8) implies. Namely, configurations of D2 brane wrapped on a curve C in the linear sigma model carries non-zero vortex charge [26] . In particular, a D2
brane wrapped on C carries vortex charge
for the U (1) on node α. Correspondingly, in the presence of the coupling (3.8) the action of a D2 brane wrapped on C gets modified precisely by the same amount, as it does in the presence of the RR flux (3.9), as we claimed. In the next section, we will work this out explicitly in some examples.
Before we go on, note that the N = 1 case gives a physical realization to the linear sigma models in the previous section 16 . We will see this in the examples in following sections. More precisely, as noted in [29] , D-branes tend to see only the geometric phases of the theory. This is just what is needed for our purposes. Namely, as argued in [34] , the non-geometric phases are absent in M-theory as well.
In the next sections we present some examples of the theories we discussed above.
All of the examples below have appeared in the literature, we are just giving them a new interpretation, in terms of the IIA/M-theory duality.
15 D α corresponds to setting to zero a product of linear sigma model variables with coupling with charge 1 toÂ α , and charge zero to the rest. 16 A-priori, the linear sigma model in question differs from the ones in secion 2 by the presence of superpotentials. This is a technicality. In fact, as we'll see in the next section, the solutions to F −term equations can be often rewritten as minima of an effective linear sigma model without superpotential, [29] . This fact was used extensively in [19] . In such cases the theories on the D-branes are called toric. There are also non-toric examples, related to the toric ones by Seiberg dualities.
Example 1: Conifold and the ABJM theory
The Calabi-Yau X 3 is the total space of O(−1) ⊕ O(−1) bundle over P 1 . The P 1 corresponds to the one shrinking 2-cycle of this geometry. There are two fractional branes,
whose D-brane charges are given by
In other words, ∆ 2 corresponds to a D4 brane wrapping the P 1 , and ∆ 1 to the anti-D4 brane bound to one unit of D2 brane. The latter can be thought of as turning on P 1 F = −1 on the anti-D4 brane. Thus, one D2 brane probing X 3 corresponds to
The quiver is given by U (N )×U (N ), N = 2 gauge theory in 3 dimensions, with two pairs of bifundamentals A 1,2 in (N,N ), and anti-bifundamentals B 1,2 in (N, N ), and superpotential
The Higgs branch of the theory describes N D2 branes probing X 3 × R. Namely, for N = 1, the superpotential vanishes. The potential for the σ 1,2 vanishes by setting
where we view r 0 as a coordinate on R inside R 3,1 . The D-term potential vanishes for
where r 1 is the Fayet-Iliopoulos term for the first U (1). For the second U (1) the charges are opposite, and r 2 = −r 1 . Dividing by the gauge group, the moduli space is the conifold, X 3 times R. While the off-diagonal gauge fields are Higgsed, the diagonal U (1) survives, since nothing is charged under it. It is identified with the center of mass U (1) gauge field on the D2 brane at a generic point in the moduli space. For general N , the Higgs branch is the symmetric product Sym N (X 3 × R) describing N identical D2 branes moving about on X 3 × R.
Consider now deforming the theory by N = 2 Chern-Simons terms for the two gauge groups,
where V 1,2 are the vector multiplets corresponding to the two nodes. This is precisely the theory studied in [3] 17 . Turning on N = 2 Chern-Simons terms in the D-brane theory means that we are deforming the bulk IIA theory by turning on RR 2-form flux in through the P 1 , and fibering X 3 over R. To see this, consider again the moduli space of the theory for N = 1. In this case, the Chern-Simons interaction makes Fayet-Iliopoulos parameters dynamical, with
where r 0 is the vev of the σ fields in (4.2). We still have to divide by the gauge group.
Dualizing the center of mass gauge field to a compact scalar θ 0 , the latter picks up a logarithmic charge k under the off diagonal U (1). Thus the gauge symmetry acts as
Solving the D-term constraint for r 0 , and using (4.5) to set θ 0 to zero, the moduli space is a copy of C 4 , parameterized by A 1,2 , and B 1,2 . We still have to divide by the discrete gauge transformations that leave θ 0 invariant, corresponding to λ = 2π/k. Correspondingly, the moduli space is the fourfold
as explained in [3] . On the other hand, this allows us to view X 4 as an S 1 fibration over X 3 × R. Namely, projecting to the the base, by forgetting θ 0 , and fixing a point r 0 in R,
we get a copy of X 3 . Now consider the first Chern class of the fibration. While dθ 0 itself is not well defined, for example
is well defined over X 3 × R. Hence, we can identify
17 More precisely, it is the same theory provided we tune λ = 1/k, when the theory has an enhanced supersymmetry.
The corresponding curvature F RR = dA RR is
The cohomology class of F RR is the same as k copies of divisor D B 1 corresponding to setting B 1 = 0,
As we explained in the previous section, the RR fluxes turn on Chern-Simons terms on the brane. Given the D-brane charges (4.1), we have
Consistency requires that the Chern-Simons terms induced by the flux agree with (4.4).
As we explained, given (4.6) we have
We can read off the intersection number from (4.3). Namely, (4.3) is the D-term constraint corresponding to the class of the P 1 , so the intersection of the divisor D B 1 with the P 1 is just the charge of B 1 under the corresponding U (1). This is −1, so
giving k 1 = k = −k 2 , as we had expected.
Example 2: C
The Calabi-Yau
is an orbifold, whose resolution is an O(−2) ⊕ O bundle over a P 1 . Correspondingly, there is one vanishing two-cycle, the P 1 in the base. The theory on the D-branes on X 3 was discovered in [24] . There are two fractional branes,
The quiver is given by U (N ) × U (N ) gauge theory with a pair of bifundamental chiral multiplets A 1 , B 1 in (N,N ) , anti-bifundamentals A 2 , B 2 , in (N , N ) and an additional pair of adjoints Φ 1,2 of the two groups. The superpotential 18 is
This theory was studied in the present context in [5] . For a single D2 brane on X 3 , the moduli space is X 3 × R. The R direction is parameterized by σ 1 = r 0 = σ 2 , as before.
X 3 emerges by setting the F − and the D−terms to zero and dividing by the gauge group.
Setting the F-terms to zero we have Φ 1 = Φ 2 , which parameterize a copy of C. In addition,
we have
The D-term for the first U (1) gives
and similarly for the second U (1) with r 1 = −r 2 , and signs of all the charges reversed. It is useful to rewrite the F-term constraints as D-term constraints, so that we get a linear sigma model without superpotential. We can solve (5.1) introducing four new variables, and putting
There is a redundancy inherent in this, which we can remove by simultaneously introducing a new U (1) gauge field U (1) aux under which A's and B's are neutral, and x 1,2 have charge +1, and x 0,3 charge −1. This introduces a new D-term constraint
18 In fact the conifold theory in the previous subsection above was obtained as a deformation of the orbifold theory. In the gauge theory, the deformation corresponds to adding a mass term The FI term for this auxiliary U (1) has to be set to zero for this to be equivalent to the solutions of F-term equations. The fields x i also carry charges under the original gauge fields, since the A's and the B ′ s did. The original D-terms translate to
For r 1 ≥ 0, we can use (5.3) and the corresponding gauge symmetry to solve for x 3 , so the moduli space is simply
. This, is a copy of (the resolution of) C 2 /Z 2 , and together with a copy of C parameterized by the adjoints, it gives X 3 .
As an aside, note that the orbifold phase is absent. This would have corresponded to taking r 1 < 0. However, we are not allowed to do that, since we can no longer solve (5.3) in the manner we did before. Instead, what we need to do is exchange the roles of x 0 and x 3 , and then we recover a geometric phase again. As we discussed before, this is just what is needed for compactification of M-theory, since there the non-geometric phases have to be absent [26] .
Consider now turning on N = 2 Chern-Simons couplings for the two gauge groups of the quiver
The flux has two effects. The FI parameter of (5.4) becomes dynamical,
and, dualizing the center of mass gauge field A 0 = 1 2 (A 1 + A 2 ) to a dual scalar θ 0 , the corresponding gauge transformation becomes
with x 1,2 invariant. This allows us to solve for r 0 , θ 0 an drop these equations. Their only remnant is a discrete gauge symmetry that takes
The D-term and gauge symmetry corresponding to the auxiliary U (1) aux in (5.2) are unaffected. The moduli space is a Calabi-Yau fourfold X 4 which is Z k orbifold of the conifold times a copy of C [5, 7] . Now, let us view X 4 as an S 1 fibration over X 3 × R. We will show that the first Chern class of the fibration is just what is needed for the RR flux to be the origin of the Chern-Simons terms. Namely, it is easy to see that
is invariant under the U (1) 2 × U (1) aux gauge group. Thus, compactifying M-theory on X 4
and interpreting θ 0 as the M-theory circle, we get IIA on X 3 × R with RR flux turned on corresponding to
where D i is a divisor corresponding to setting x i = 0. Now, the Chern-Simons level should be given by
We have
and we would like to compute what this is on X 3 . Since the D-term constraint corresponding to the class of the P 1 is (5.4) the intersection numbers are simply the charges of x 2 ,
x 0 under it. This gives
we see that we recover
as expected.
Example 3: The Suspended Pinch Point
In this case, the X 3 geometry has two vanishing P 1 's, P [
For N D2 branes probing X 3 we get a
quiver theory with bifundamental matter as in the figure 1. Since the brane in class ∆ 1 is free to move in the O direction, (the normal bundle has one holomorphic section) there is one adjoint chiral multiplet Φ corresponding to that. The superpotential is Consider the moduli space for one D2 brane on X 3 . As usually, there is one direction R parameterized by σ α = r 0 , for all α. The F-term equations set
We can write these as D-term equations by putting
and introducing an additional U (1) aux gauge symmetry, under which a 1,2 have charge +1
and b 1,2 have charge −1. All in all, we have U (1) 4 gauge invariance, and four D-term
where r 1 + r 2 + r 3 = 0. It is easy to show, solving the D-term equations and dividing by the gauge group, that the moduli space is precisely X 3 with r 1 corresponding to the size of P 1 1 and r 2 to P 1 2 . Namely, using the first equation, and the corresponding gauge symmetry to solve for a 1 , the moduli space can be written simply as
where the first equation now corresponds to the cohomology class of the P 
The Fayet-Iliopoulos terms r 1 , r 2 vary over R parameterized by r 0 as
while r 3 is a constant. We can view X 4 obtained by just dropping the first two equations in (6.2) and the corresponding U (1)'s, and dividing by a Z k action that sends a 1 , a 2 to e 2πi/k a 1 , e −2πi/k a 2 . The moduli space is the Z k quotient of the fourfold D 3 given in [5, 7] .
On the other hand, we can view X 4 as a circle fibration over X 3 × R by dualizing the center of mass U (1) to a compact scalar field θ 0 . Then, θ 0 is invariant under the third and fourth U (1) in (6.2), and transforms under the first two with logarithmic charge k, and −k, respectively. We can pick, for example
as the invariant one form on X 3 × R. This implies
where D a 1 , D b 1 are the divisors corresponding to setting a 1 , and b 1 to zero. From (6.2), and the charges of a 1 , b 1 we can read off that
The General Case
The Fayet-Iliopoulos terms r 1 , r 3 vary over R parameterized by r 0 as
while r 2 is a constant. We can view X 4 obtained by dropping the first three equations and replacing them by one linear combination of them which is independent of r 0 , say k times the first equation minus m times the second. In addition, we divide by the corresponding U (1) gauge symmetry. The result is a Calabi-Yau fourfold X 4 . Now, let's view X 4 as a circle fibration over X 3 × R. We are want to show that the corresponding circle fibration has the correct Chern class. The compact scalar θ 0 transforms with logarithmic charges k, m and −k − m under the first three U (1)'s in (6.2) and not at all under the last one. The invariant one form is
From this it follows that
We know the intersection numbers of D a 1 ,b 1 already. We have in addition
Adding this all up, we find so that
as expected, given the D-brane charges (6.1).
Example 4: C
In this case, the resolution of the singularity is O(−3) → P 2 , so there is both a shrinking four cycle, the P 2 and a shrinking 2-cycle, the P 1 inside the P 2 . There are three vanishing cycles ∆ 1,2,3 . The D-brane charges of vanishing cycles are [12] 
The gauge group on N D2 branes is
with nine chiral multiplets connecting them, as in the figure 2. In addition, there is a superpotential
Consider now the moduli space for a single D2 brane probe. This problem was solved explicitly in [29] . As in the previous examples, we can redefine variables to be able to rewrite the F-term equations as D-term equations. This example was worked out in detail in [29] . At the end of the day, we have an effective linear sigma model with six fields p i , i = 0, 1, . . . , 5, and U (1) 4 gauge symmetry
where r i is the FI parameter of the i'th node, and r 1 + r 2 + r 3 = 0. For any choice of FI parameters, the moduli space is always X 3 = O(−3) → P 2 , i.e. the orbifold phase is absent. For example, for r 2 < 0 < r 3 , we can use the last two equations above to "solve" for p 4, 5 in terms of p 0 , and the moduli space is simply the solutions to
which is X 3 with Kahler class r 3 − r 2 .
Consider now turning on Chern-Simons couplings for the branes on the three nodes
It is easy to work out what the corresponding Calabi-Yau fourfold X 4 is. This corresponds to letting the FI parameters vary as
moreover, the compact scalar θ 0 has charges k, −(k + m) and −m under the three U (1)'s corresponding to the three nodes od the quiver, and is neutral under the auxiliary U (1) (corresponding to first equation in (7.1)). The invariant one form can be written as dθ 0 + i (m dp 0 /p 0 − k dp 5 /p 5 + (m − k)dp 1 /p 1 ) This implies
From above, we can read off,
Now, consider the contribution of this flux to the Chern-Simons levels. For the three fractional branes ∆ 1 , ∆ 2 , ∆ 3 , the RR 2-form flux gives:
Now, recall that we are also free to turn on RR four-form flux on the P 2 in IIA. From the charges of the wrapped D-branes, we see that this could shift the levels by
which is exactly what we need, provided
Note that, for r 0 < 0, we get a different assignment of fluxes. As we pass through the singularity at r 0 , and continue on to negative r 0 , the fractional branes are permuted by the quantum Z 3 symmetry, that takes ∆ i to ∆ i−1 [35] . This also acts on the homology in the corresponding way, namely, (
Chern-Simons couplings get permuted as well. For this reason, it does not follow that the four-form flux on X 3 lifts to G-flux on the fourfold.
For example, consider the case where k = 0. Note that this does not mean that the RR 2-form flux is turned off entirely on X 3 , but just that the its cohomology class vanishes.
In this case, the Calabi-Yau fourfold X 4 is an Z m quotient of an O(−2)⊕O(−1) bundle over P 2 . Namely, we can use the last equation and the corresponding gauge symmetry (7.1) to "solve" for r 0 , and θ 0 . The two left-over, independent D-term constraints are the first two. We can solve the latter one for p 5 , and the manifold becomes
modulo the corresponding U (1). This is the O(−1) ⊕ O(−2) bundle over P 2 . This agrees with [5, 7] . More precisely, X 4 is a quotient of this
which is a discrete gauge symmetry left over from solving for θ 0 . Finally, we claim that the quiver gauge theory in this case describes M2 branes on X 4 , with m units of Gflux turned on through the P 2 . At large N , the theory should be dual to M-theory on This case is interesting, since as we will see, it will provide a new Chern-Simons theory that should be dual to N M2 branes probing a cone over Q has been sought for a long time. Here we will provide a string theory derivation of the dual CFT. Other proposals have been made in [9] and studied in [20] recently.
The geometry of the Calabi-Yau threefold X 3 is a line bundle over
In this case there are four vanishing cycles. There are two different assignments of charges we can make where the superpotential is still toric (in the sense of the footnote 14). We will pick one of these, for simplicity. The D-brane charges are [12] The theory on N D2 branes is a
quiver theory corresponding to the figure 3, with superpotential
Consider the moduli space for N = 1. Before turning on superpotential, the moduli space is R × S 1 , parameterized by σ α = r 0 and θ 0 , times X 3 . The latter is a space of solutions to F-term equations
and D-term constraints modulo U (1) 4 . We can rewrite the F-term constraints as D-term constraints of an auxiliary linear sigma model, by introducing 8 new variables
x, y, z, w,x,ỹ,z,w such that
The D-term constraints now become
and the corresponding U (1) actions can be read off from there. The last two D-terms serve to remove the redundancies inherent in (8.2) . The first four D-terms correspond to the four U (1)'s of the quiver. Note that only three of these are independent. There is one constraint on the Fayet-Iliopoulos terms,
For, say r 1,2,3 > 0, we can solve for x, z,x in terms ofz, and the moduli space is manifestly the line bundle over local F 0 , obtained by setting
modulo the corresponding U (1)'s.
Consider now turning on a specific combination of Chern-Simons terms,
This corresponds to setting r 2 ∼ kr 0 , r 4 ∼ −kr 0 , while the others are constant. We can use the second D-term in (8.3) to solve for r 0 , and the corresponding gauge symmetry,
to set θ 0 to zero. The first and the third D-term express x and z in terms ofx andz. The moduli space is thus It is easy to see from above, that this corresponds to IIA string theory on X 3 × R with
where to reproduce the Chern-Simons terms, an additional four-form flux must be turned on, In summary, IIA/M-theory duality predicts that the theory dual to the cone on AdS 4 × Q 1,1,1 /Z k should be the U (N ) 4 Chern-Simons theory corresponding to the quiver in figure   3 with superpotential (8.1), and Chern-Simons levels (0, k, 0, −k) 19 . Since two of the Chern-Simons levels vanish, it is not obvious the theory has a weak coupling expansion at large k. The gauge fields associated to nodes 1 and 3 act as constraints, setting the corresponding currents to zero. Since this provides a very simple example of AdS/CFT correspondence, it would be nice to study this theory in detail. The theory may have a dual description in terms of Chern-Simons theories in [9, 20] , whose direct string theory realization we do not know.
N M2 branes on G 2 holonomy manifolds
In this section we conjecture a lagrangian description of N M2 branes probing a local G 2 holonomy manifold. For a single M2 brane, the corresponding low energy effective theory was proposed in [23] . We will explain here how this generalizes to arbitrary N . To The quotient Q 1,1,1 /Z k is called Y k,k (P 1 × P 1 ) in [4, 22] .
where D a is a divisor corresponding to setting to zero a product of variables with charge 1 under the a-th U (1), and zero under the rest. Type IIA string theory in this background should lift to a G 2 holonomy manifold in M-theory. It is easy to write down the corresponding G 2 manifold, at least topologically. The fluxes imply that the G 2 holonomy manifold is a non-trivial S 1 fibration over X 3 . Borrowing the results of section 2, the G 2 manifold is a Hopf-fibration: under the U (1) N+1 gauge transformations that take
the compact scalar θ 0 parameterizing the circle transforms as
The difference with respect to section 2 is that the Calabi-Yau threefold is no longer fibered over R in a non-trivial way. This implies that the Calabi-Yau fourfold geometries of section 2 can also be viewed as G 2 holonomy fibrations over the real line. We'll return to this point below.
Consider now N D2 brane probing X 3 . As we reviewed in section 3, before turning on fluxes, in the limit where X 3 develops a singularity, the theory on the branes is an N = 2 quiver gauge theory in three dimensions with superpotential. As we discussed in For a single brane probe, the center of mass gauge field on the D2 brane can be dualized to a compact scalar θ 0 parameterizing the position of the M2 brane on the Mtheory circle. It is easy to see that, in the presence of N = 1 Chern-Simons terms, the S 1 becomes fibered non-trivially over X 3 in such a way that the moduli space becomes
For example, take X 3 to be the conifold, discussed in section 4. The theory on N D2 branes on X 3 is the Klebanov-Witten type quiver theory described there. Now consider turning on RR 2-form flux through the P 1 of the conifold, We can use these to gauge away θ 0 , so the moduli space is a 7-manifold described by the locus (9.1) in C 4 parameterized by A 1,2 , and B 1,2 . For k = 1, this is precisely the G 2 manifold discussed in [36] . For k = 1, we still have to divide this by the discrete gauge symmetry left over, generated by λ = 2π/k so the manifold is a Z k quotient. It is related by the "second" M-theory flop discovered in [37] to the Z k actions considered in [36] .
Similarly, for all other examples we wrote down in sections 5-8, we get pairs of G 2 manifolds and the corresponding N = 1 quiver Chern-Simons theories. Namely, as we mentioned above, the Calabi-Yau fourfolds we studied in the N = 2 context can be viewed as G 2 holonomy manifolds fibered over R. String duality now implies that, in the IR, the theory on N D2 branes in these IIA backgrounds becomes the theory on N M2 branes probing the corresponding G 2 holonomy manifolds. Since the gauge kinetic terms vanish in this limit, the theory should naturally become the N = 1 quiver Chern-Simons theory. This provides a Lagrangian description of the low energy theory on the N M2 branes probing a G 2 holonomy manifold. Note that there are no known Einstein manifolds which are cones over G 2 holonomy manifolds times R [21] , so we don't expect these theories to flow to conformal field theories in three dimensions. It will be interesting to see if some insights into the dynamics of these theories could still be obtained.
